Abstract-A pattern synthesis approach based on a modified alternating projection method for large planar arrays is presented in this paper. In the alternating projection method, pattern synthesis problem is considered as finding the intersection between two sets: the specification set and the feasible set. The former contains all the patterns that want to be obtained, while the latter contains all the patterns that can be realized. An element belongs to both sets is a solution to the problem. In this paper, a modified projection operator which varies with the iteration number is introduced because the conventional alternating projection method is known to suffer from low convergence rate and/or trapping on local optimum depending on the starting point. When the planar array has a nonuniform element layout, the unequally spaced elements are interpolated into virtual uniform elements with an interpolation of the least square sense. Then the synthesis problem is converted to the problem of a uniform array. Finally, several examples are presented to validate the advantages of the proposed method. Results show that the modified method is fast and obtains better results than the conventional one.
INTRODUCTION
As a key component, antenna plays an important role in radio communication systems. With the growing requirements of the system, such as strong directivity, high gain and pattern scanning ability, single antenna cannot fully meet the requirements. A direct way to solve this kind of problems is to arrange the antenna elements into an array. Due to the wide azimuth and elevation scanning capability, high gain and easy three-dimensional beamforming, large planar arrays are widely used in radar, sonar and wireless communication systems. Uniformly spaced arrays with periodic element layout and simple feeding network are often used in design of antenna arrays. When compared with uniform array, nonuniform arrays can provide practical advantages such as reductions in the size, weight and number of antenna elements. Therefore the application of both uniform and nonuniform planar arrays has been an attractive topic in antenna area for some years.
In the literature, various pattern synthesis techniques can be found. The stochastic methods, such as genetic algorithm (GA) [1] [2] [3] [4] , particle swarm optimization (PSO) method [5] [6] [7] [8] [9] , simulated annealing (SA) method [10] [11] [12] and some hybrid methods [13] [14] [15] [16] , are global optimization algorithms which can jump out from local optimum by introducing random variables. These techniques are capable of synthesizing arrays with arbitrary element layout (linear, planar and conformal arrays). While difficulties still exist, for example, the associated computation time to good result is very large and/or the array size is often small.
In recent years, a fast synthesis approach called the Iterative Fourier Technique (IFT) [17, 18] has been successfully applied to synthesize large planar arrays with less computational time. However, this Iterative Fourier technique needs all the elements placed along a uniform grid. For the synthesis of unequally spaced arrays, an analytical technique was presented by Kumar in [19] , the method originally employed a uniformly spaced array in any geometry, and synthesized a target pencil beam pattern by alternating the uniform spacing of the array. In [20] , a well-structured mathematical formulation for nonuniformly spaced arrays was introduced by Ishimaru, who used the Poisson sum expansion of the array factor and some simplifying assumptions to derive a relationship between the pattern and element spacings to reduce the sidelobe level. In [21] , Oraizi considered the nonzero phase term in Ishimaru's formula to make it capable of synthesizing any type of pattern, such as sum, different and shaped beams by nonuniform spacings and/or element phase control. Recently, approaches based on the fast nonuniform Fourier transform (NUFFT) have also been used for the synthesis of large nonuniform arrays [22] [23] [24] . While in most of these works, the main goal was only the sidelobe level reduction.
As a numerical iterative method, alternating projection method is simple, fast and easy to implement on software. And it has been successfully applied to array pattern synthesis [25] [26] [27] [28] . Based on the concept of projection, pattern synthesis problem is formulated as finding the intersection between two sets: the specification set and the feasible set. The former contains all the patterns that want to be achieved, while the latter contains all the patterns that can be realized. An element belongs to both sets is a solution to the problem. The process of the method can be summarized as: first, choose initial values; second, compare the calculated pattern with the prescribed target one and modify the samples which exceed the limitations; third, inversely project the modified pattern to the realized pattern set, and then obtain a renewed set of element excitations. Repeat the last two steps until there is no sample to be modified or the iteration reaches its maximum number.
As the conventional alternating projection method suffers from low convergence rate and/or trapping on local optimum depending on the starting point, we introduce a modified projection operator which varies with the iteration number in the present work. The modified alternating projection method is suitable for large planar antenna arrays with arbitrary element layout (uniform or nonuniform) and capable of synthesizing patterns with any shape. When the antenna elements are irregular arranged, the nonuniformly spaced elements are interpolated into virtual uniform elements with an interpolation of the least square sense [29] . Then the synthesis problem is converted to the problem of a uniform array. Finally, the synthesis of both uniform and nonuniform array is presented to illustrate the advantages of the proposed method. This paper is organized as follows. Section 2 presents in detail the synthesis approach for large planar arrays. It can be divided into two parts: Section 2.1 elaborates the approach for uniform arrays, and Section 2.2 expands the approach for nonuniform arrays. Section 3 shows several examples to illustrate the validity of the method. Section 4 is the conclusion.
DESCRIPTION OF THE METHOD

Synthesis Approach for Uniform Planar Arrays
Consider a finite two-dimensional sequence x(m, n), its discrete Fourier transform (DFT) can be written as
where
The corresponding inverse discrete Fourier transform (IDFT) for X(k, l) is
where m = 0, 1, . . . , M − 1; n = 0, 1, . . . , N − 1. For Equation (2) , an equivalent expression is
where Then the Fourier transformation period of s and t turns out to be 1 (M, N 1). An antenna array consists of M rows and N columns of elements arranged along a rectangular grid in the xoy plane is shown in Figure 1 . The array has an element spacing of d x in the x-direction and d y in the y-direction. Ignoring the mutual coupling, the far field E can be expressed as the product of the element pattern F e with the array factor F a
The array factor F a can be expressed as
where I mn is the 2-D current distribution of the array, 2π/λ the wavenumber, λ the free space wavelength, and θ, ϕ are the elevation and azimuth angle respectively. Clearly, the array factor (5) can be further expressed as
where k = udx/λ, l = vdy/λ, u = sin θ cos ϕ and v = sin θ sin ϕ. Obviously, (6) is similar to (3) when u, v are uniformly sampled with K, L points (K = 2 µ ≥ M , L = 2 η ≥ N ; µ, η are positive integers). Then a 2-D K ×L points IDFT can be performed on I (padding by zero if necessary) to calculate the array factor (6), and then the far field E equals
Generally, there is no need to multiply the Fourier result by MN, because the final pattern requires to be normalized. The visible space of the pattern expressed with k and l is
where k = ud x /λ, l = vd y /λ, u = sin θ cos ϕ and v = sin θ sin ϕ. For the case, when the array has an element spacing of d x = d y = λ/2, the visible space turns out to be a circular region with a maximum diameter of 1. After obtain the array pattern (7), the next is to compare the pattern with the prescribed target one and modify it following the rule:
where P M is the positive projection operator, E r the calculated normalized radiation pattern, E d the modified normalized radiation pattern, w = (1−(Gen/Gen max) n ) a variable changes with the iteration number, Gen the iteration number, Gen max the maximum iteration number, and M u and M l are the upper and lower limitations of the required pattern. R, n are constants and satisfy R > 0, n > 0. As the iteration reaches its maximum value, that is Gen = Gen max, the projection rule (9) turns out to be the conventional one in [26] .
Then, a renewed set of element excitations can be obtained by an inverse computation of (7) . Only the samples associated with the aperture (usually the former M × N samples) are retained. Repeat the steps from 2) to 4) until the pattern meets the requirements completely or the iteration reaches its maximum number. If necessary, we can also modify the obtained element excitations following the rule in [26] at the beginning of step 2).
From above, we are able to synthesize planar arrays with periodic element arrangements. For example, arrays with elements placed along a rectangular grid or arrays with elements distributed along an isosceles triangular grid can be filled into a rectangular grid with virtual elements whose excitations are set to zero. However, to reduce the cost and weight, nonuniform arrays are often adopted in array antenna designs. Due to the unequally spaced elements, the Fourier relationship derived from the array factor and the element excitations no longer holds.
Synthesis Approach for Nonuniform Planar Arrays
Supposing that a nonuniform array is placed in the xoy plane as shown in Figure 2 , we mark the elements from 1 to N , then the element positions along the x-direction and the y-direction can be written as
where u = sin θ cos ϕ, v = sin θ sin ϕ, I = [I 1 , I 2 , . . . , I N ] T are the element excitations, and θ, ϕ are the elevation and azimuth angle respectively. The array factor (11) can also be written as if
where Thanks for the idea of the accurate algorithm for nonuniform Fourier transforms (NUFFT's) in [29] , the array factor (12) can be quickly calculated. The fast algorithm is shown in detail in [29] which is also given in brief as follows.
Consider a one-dimensional NUDFT (14)
where P = {P 1 , P 2 , . . . , P M } are nonuniform samples. The exponential terms on the right can be approximately calculated by
where d β > 0 (called 'accuracy factor') are chosen to minimize the approximation error. c m = N · P m , N is the number of the data points β, q an even integer, γ a real number called oversampling factor and greater than 1 (γ should be properly selected to make γN be integer), and [x] the nearest integer of x. Let c x = N x · P x and c y = N y · P y , and then the array factor (12) equals 
a(c x,yn ) are unknown complex coefficients, which can be computed by
where the matrix F (γ, N, q), called the (γ, N, q) -regular Fourier matrix, is a Hermitian matrix of dimension (q + 1) × (q + 1). The calculation of the matrixes F x,y (γ, N x,y , q) and g(c x,yn ) is given in detail in [29] . A succinct expression of (17) can be written as
where D denotes the element excitations of the virtual uniform array. D = Q ·I. Q is a two-dimensional matrix which has the same data as the three-dimensional matrix Q does. where
The synthesis process for nonuniform planar arrays can be summarized as: In the above analysis, the array pattern is calculated by the product of the element pattern and the array factor based on the presumption that all elements have equal radiation pattern; while in practical array, due to the presence of mutual coupling, the principle of pattern multiplication cannot be applied to arrays because each element "sees" different environment, and there may have significant impacts on element input impedances, array gain and shape of the pattern (such as a higher sidelobe level). Active element patterns method, which uses the measured or computed patterns of the individual elements in the array environment, can be employed to calculate the pattern of the fully excited array approximately [30] .
The mutual coupling consideration for nonuniformly spaced arrays is a cumbersome work. In [31] , a GA (Genetic Algorithm)-NN (Neural Network) methodology was introduced for the design optimization of broadband phased array antennas. The methodology consisted of an NN-based rapid element driving point impedance estimation technique and a rapid pattern estimation technique combined with a robust GA optimizer. It allowed for important phased array design parameters, such as sidelobe level and element VSWRs, to be determined as functions of array element positions. In [32] , a novel NN-based model was presented for the computation of S-parameters. Then the GA (Genetic Algorithm)-CG (Conjugate Gradient) method can adjust these values in the synthesis process to achieve desired pattern and bearable coupling among elements. The synthesis for the specified beamwidth and minimum achievable sidelobe level were performed and the graphs which showed the relation between the beamwidth, sidelobe level and number of elements for nonuniformly spaced linear arrays were derived for the first time.
SYNTHESIS RESULTS
Several examples will be shown to illustrate the validity of the proposed method. For simplicity, the arrays are composed of isotropic elements, the initial element excitations are set uniformly, and the synthesis problems are unconstrained complex weighted problems.
The first example is the synthesis of a similar array as described in [17] , which features a circular shaped aperture with a diameter of 33.01-wavelength. The elements are placed along a square grid as shown in Figure 1 with d x = d y = 0.5λ. It is a uniform array with a total element number of 3413. The synthesis target is to obtain a pattern with three flat annular sectors and four nulled sectors. The corresponding constraint region and sidelobe level (SLL) limitation is shown in Table 1 .
To illustrate the impacts of the parameters R and w (in Equation (9)) on the convergence, several experiments were performed on a computer with an Intel(R) Core (TM) i3 processor operating at 3.2 GHz and equipped with 2 GB RAM. The maximum iteration number was set to 8000, and a 2-D 1024 × 1024 points FFTs was applied during the synthesis process. Table 2 shows the synthesized results of different R (or L) and w (or n). The number of the samples which exceed the limitations is shown in the third column (the total number of the samples is 1050625). The fourth column gives the maximum SLL difference between the obtained and the required magnitude (measured in dB). In our tests, the maximum difference happened in the position u = −0.8496, v = −0.3984 (the required SLL≤ −92 dB).
The constant R (or L) was selected to make the modified samples much closer to the required. From the results shown in Table 2 , it can be noted that the number of the unsatisfied samples decreases with R (or L) increases, and the impact becomes smaller and smaller when R increases, so we chose a maximum R equals to 10 (30/20) in our tests; when w is a constant, the synthesized result may easily trap into a local optimization solution, so an adaptive w which varies with the iteration number (w = 1−(Gen/Gen max) n ) was adopted during our tests, and the result turned out to be better when n increases. Finally, we obtained an optimal set of parameters: R = 10 (30/20) 
The contour plot of the synthesized radiation pattern is shown in Figure 3 . This pattern has a directivity of 37.86 dB, and the 3 dB beamwidth is 2.6 • in both u = 0 and v = 0 plane. The computational time was about 36 minutes with a taper efficiency of 0.5136. The amplitude distribution of the element excitations is depicted in Figure 4 (a), and the corresponding phase distribution is shown in Figure 4(b) .
Figures 5 and 6 depict the u-cut and v-cut of the synthesized pattern through the main beam peak. The result obtained by the conventional alternating projection method is also added to the figures. The solid line plots the result obtained by the conventional alternating projection method, and the dotted line plots the result obtained by our modified one. Obviously, the modified method speeds up the convergence and obtains better radiation pattern than the original one.
The second example is the synthesis of a concentric ring array. The element layout is shown in Figure 7 . There are [2πn] elements uniformly distributed on the nth ring with a radius of 0.5nλ, and the first element on each ring is always placed along the x-direction (n ≥1, [x] denotes the nearest integer 
less than or equal to x).
The array is composed of 25 concentric rings and an additional single element located at the center. It is a nonuniform array with an element number of 2030. The example was performed on a computer with an Intel(R) Xeon (R) X5550 processor operating at 2.67 GHz and equipped with 67 GB RAM. The parameters γ, q were chosen as 2, 12 respectively. First, it was the synthesis of obtaining a pattern with a low sidelobe level. The maximum iteration number was set to 5000, and a 2-D 2048 × 2048 points FFTs was applied during the process. Finally, the pattern had a directivity of 36.61 dB, and the 3 dB beamwidth was 3 • in both u = 0 and v = 0 plane. The computational time was about 75 minutes with a taper efficiency of 0.5805. The amplitude distribution of the element excitations is depicted in Figure 8(a) , and the corresponding phase distribution is shown in Figure 8(b) .
Figures 9 and 10 depict the u-cut and v-cut of the synthesized radiation pattern through the beam peak direction. The maximum SLL in these two cuts is −29.5 dB and −32.31 dB respectively. To illustrate the interpolation accuracy, the pattern of the nonuniform array calculated by direct summation is also added to the figures. The solid line plots the result obtained by direct summation, and the dotted line plots the result calculated by the fast algorithm in [29] .
Second, it was the synthesis of obtaining a pattern with three annular sectors. The constraint region and sidelobe level limitation is: {0.06 2 
The maximum iteration number was set to 20000, and a 2-D 2048 × 2048 points FFTs was applied during the process.
Finally, the pattern had a directivity of 37.21 dB, and the 3 dB beamwidth was 2.8 • in both ucut and v-cut. The computational time was about 3.9 hours with a taper efficiency of 0.7366. The amplitude distribution of the element excitations is depicted in Figure 11(a) , and the corresponding phase distribution is shown in Figure 11(b) .
Figures 12 and 13 depict the u-cut and v-cut of the synthesized radiation pattern through the main beam peak. From the two figures, it is easy to observe that there are a few samples exceed the limitations, and it's certain to get better result if we raise the iteration number and/or start with better initial element excitations.
From the results shown in Figures 9, 10 , 12 and 13, it can be noted that the pattern of the virtual uniform array is almost exactly the same with that of the real nonuniform array, which indicates that the value of the parameters γ and q selected in our examples is appropriate and the interpolation is accurate. Figure 13 . V -cut at u = 0 of the pattern.
CONCLUSION
A modified alternating projection method for the synthesis of large planar arrays has been presented in this paper. The method is capable of synthesizing patterns with arbitrary structure. To synthesize various pattern structures, the only thing need to do is to alter the upper and lower limitations of the target. The method can also be applied to correct array far-field patterns, which are degraded by element failures. The time complexity of the synthesis is proportional to the number of the Fourier sampling points and the iteration. To ensure accuracy, large sampling number is necessary. Therefore, it needs to trade off between the accuracy and the computation cost. In the pattern synthesis problems, the required iteration number is not related to the size of the array, but mainly depends on the level of the prescribed sidelobe level. Several examples have been presented to illustrate the accuracy and efficiency of the method. Among these examples, the element positions are pre-defined. Since the optimization of the element spacings in an aperiodic array has the benefit of increasing the degrees of freedom that are available to the designer, our future work will focus on how to obtain both appropriate element spacings and excitations to receive better radiation performance.
